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Filters are an essential part of any high frequency radio system. Modern radio systems require high performance ﬁlters,
currently not possible to integrate monolithically. One promising technology is the use of high quality factor (Q) micro ma-
chined silicon mechanical ﬁlters. In principle, their fabrication process allows direct integration with Complementary Metal
Oxide Semiconductor (CMOS) circuitry.
Mechanical ﬁlters have a long history [1]. Such ﬁlters may consist of two or more coupled mechanical resonators. The
coupling can be mechanical or electrical. Mechanical ﬁlters were ﬁrst used commercially by the telecommunications indus-
try in the 1960s [1], and were then made from metal resonators coupled through attached wires or bars. The ﬁlter charac-
teristics were adjusted by the size of the resonators and their coupling. Coupling could be between neighboring resonators,
or resonators separated by one or more resonators.
The development of micro machined resonators for radio systems, can be traced back to the early 1990s. One example is a
coupled resonator system consisting of two combﬁnger shuttle resonators as presented in [2]. It operated at 19 kHz, had a
bandwidth of 1.2 kHz and a Q of about 30 each at ambient pressure. Since then, numerous micro machined ﬁlters have been
presented in the literature [3–8].
The performance and characteristics of mechanical ﬁlters depend on the resonators from which they are made. Various
geometries for micro machined resonators have been explored, and they can roughly be divided into systems that vibrate
either parallel or vertical to the substrate. The vertically vibrating resonators [3,4] will typically be surface micro machined
devices, their operating frequency being a function of layer thicknesses and geometric layout. Systems operating parallel to
the substrate can be divided into two classes, bending mode systems and lateral bulk acoustic systems. A bending mode is a. All rights reserved.
(C. Grinde), torfj@unik.no (T.A. Fjeldly).
Fig. 1. Illustration of the top view and corresponding cross section of a stacked double disk system. Surrounding the disks, are near semicircular electrodes
for electrostatic input and output with a gap (g) typically of about 100 nm. Over the top disk, a residue from the production process, a top hat in the shape of
a small diameter disk, is left.
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translation. The systems operating in bending modes are typically realized as shuttle resonators with electrostatic comb ﬁn-
ger excitation and readout [9–12]. Examples of beam resonators operating in bending modes normal to the substrate have
also been reported [3]. The shuttle style resonators are prone to squeeze ﬁlm and thermoelastic damping, and their operating
frequency is limited to below 100 MHz [13]. Micro machined lateral bulk acoustic resonators are structures vibrating in
extensional modes, which means that the deformation of the device is parallel to the substrate. Various geometries have
been demonstrated, including bar resonators [14], ring resonators [15–17], and disk resonators [13,18], where the later have
been shown to give Q of several thousand at GHz frequencies and ambient pressures [18].
Based on the potentially high performance obtainable with disk resonators, we have suggested the stacking of multiple
disks vertically and coupling them with a central stem [19] as illustrated in Fig. 1. The main beneﬁt of this approach com-
pared to laterally coupled disk resonators, is a reduced size of the interface with the substrate and hence a cost reduction.
To our knowledge, no model description has been published for the coupling of vertical stacked disk resonators. Under-
standing this coupling mechanism and describing the resulting separation of the resonance frequencies is important for de-
sign and realization of such devices. Here, we derive modeling expressions for the coupling mechanism and the dependence
of the resonance characteristics on the design parameters for a dual disk system.2. Single disk resonators
The ﬁrst micro machined single disk resonator presented in the literature, operated at about 160 MHz with Qs as high as
9400. The disk had a diameter of 17 lm and operated in an axisymmetric bulk extensional mode, also called an axisymmet-
ric contour mode and radial contour mode [13]. As illustrated in Fig. 2, this is a class of vibration patterns in which the disk
mainly deforms along the radial coordinate axis r with one or mode axisymmetric nodal rings for the higher order modes.
Recently, frequencies over 1 GHz were achieved using the third order contour mode for a disk of radius 18 lm [18]. Higher
order modes are those where the displacement spans more than one wavelength over the disk radius. This is illustrated in
Fig. 2 for the second and third order mode.
Fig. 2. Displacement ﬁelds for ﬁrst, second and third order radial contour mode in a disk resonators. For all mode orders, the disk center will be a nodal
point, and for the higher order modes, axisymmetric nodal circles will be distributed with one wavelengths separation throughout the radial extent of the
disk.
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nizable from their two elliptical deformation states 90 apart have also been demonstrated [20–22].
In the following sections, the term ’disk resonator’ will refer to such resonators operating in axisymmetric extensional
modes.
Both excitation and readout of the disk resonator presented in [13] were achieved using electrostatic excitation, meaning
interaction between the mechanical parts due to Coulomb forces caused by the time varying signal of the input electrode and
a biasing of the disk via the stem and substrate. One of the problems discovered with the fabrication process used, was that a
misalignment of the center stem lead to a signiﬁcant reduction in the Q, a key performance indicator for resonators. As the
stem hole and disks were deﬁned by separate masks, performance depended critically on the mask alignment. In [18] a self-
aligned process was suggested, which we assume as basis for the structure analyzed in this paper. The process outlined was
as follows: First a thick thermal oxide was deposited to shield the active structures electrically from the substrate. Then a
nitride capped the oxide before it was patterned and a thin layer of polysilicon formed the basic electrical structures. On
top of the polysilicon, a layer of sacriﬁcial oxide was deposited before a structural layer for the disk was deposited and a ﬁnal
sacriﬁcial oxide for vertical spacing was added. Then both the center hole and the disk were deﬁned in a single mask oper-
ation and etched with Deep Reactive Ion Etching (DRIE). A new layer of sacriﬁcial oxide deﬁning the electrode gap was then
thermally grown. The disk was then capped with polysilicon, which ﬁlled the perfectly aligned hole in the center before it
was patterned to form the electrodes. The ﬁnal step was the release etch of the sacriﬁcial oxide, leaving the structure free to
move.
3. Stacked disk resonators
Assuming a fabrication process as outlined above, the natural way to couple stacked disks, is through their center stem
(see Fig. 1) [19]. The structure has ﬁve main substructures: Two disks, a central stem with a ’top hat’ and, surrounding the
disks, near semicircular electrodes. The ’top hat’ is a residual structure from the fabrication process. In- and out-put signals of
the system are mediated through the two electrodes, while the biasing of the disk stack, required for the electrostatic actu-
ation and readout, is done via a base plane electrode.
4. Motion analysis
To understand the harmonic deformation of a double disk stacked resonator system, each of the sub-structures of the
structure depicted in Fig. 1 are analyzed separately and their interaction is discussed.
A single disk with no stem sections vibrating in free space in a radial contour mode will deform vertically over its thick-
ness due to the Poisson effect [23]. Such a deformation will be symmetrical about the central plane and, as the radial exten-
sion is axisymmetric, this plane will at all times be at rest. Connecting two disks of the same diameter via a small diameter
central stem, a dumbbell-like structure like that illustrated in Fig. 3, is formed.
The electrodes, which ideally are ﬁxed and immobile, can be assumed to offset the operating frequency through added
electrical stiffness similar to the case of the single disk system [18]. This assumes that both disks are conductive. Being inter-
ested in the frequency separation, we do not include the electrostatic forcing and can therefore omit the electrodes from our
model.
With two identical and connected disks vibrating in a radial contour mode, two distinct modes will appear near the modal
frequency of a single disk. They are identiﬁed by the disk perimeters being either in-phase or in anti-phase, as illustrated in
Fig. 3.
Fig. 3. A dumbbell as used to derive analytic expressions for coupling mechanisms in stacked disk resonators.
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For the in-phase mode, the perimeters of the disks move in phase. For each disk, this means that the stem-disk interface
will deform radially, and that the disk will deform over its thickness due to the Poisson effect [23]. Since the radial defor-
mation is in phase, the inside faces of the disks will be in opposite phase. This means that the ends of the stem will be sub-
jected to equal but oppositely directed longitudinal forces, meaning along the z-axis as illustrated in Fig. 3. Due to the
symmetric loading, the longitudinal deformation of the stem will have a node at its center.
The vibrational amplitude in the vertical direction is only a small fraction of that of the radial direction at the disk perim-
eter. Also, the mass of the stem is assumed to be much less than that of a disk. Hence the vibrational energy of the stem will
only account for a small fraction of the energy of the whole system. With an effective stiffness for each disk that is much
larger than that of the stem, the effective mass for disks must also be much larger than that of the stem. We can therefore
assume that due to the symmetric loading of the stem and the relatively large mass of the disks, the center of each disk can
be considered to be at rest.4.2. The dumbbell anti-phase mode
For the anti-phase mode, the disks’ perimeters are in opposite phase as illustrated at the bottom right in Fig. 3. Because of
this, the disks’ inner surfaces are in phase, effectively shufﬂing the stem section up and down between the disks. This means
that the only forces involved along the z-axis (see Fig. 3), are those resulting from the stem’s inertia. Once more, the energy
involved in this motion is considered small compared to the energy of the disks. However, since the disks’ radial displace-
ments are in opposite phase, the ends of the stem are subject to oppositely directed shear forces. It is therefore reasonable to
assume that the radial deformation of the stem ends are slightly different from for the in-phase mode.4.3. Dumbbell anchored to the bulk
While the dumbbell discussed above is useful for gaining insight, a real double disk resonator must be anchored to a sub-
strate. As described in Section 1, this is conveniently done via a central stem through both disks. Assuming radial deforma-
tion of the disks only, and that their center of gravity is at rest for the in-phase mode, the resulting force on the bottom stem
is due to the contraction of the bottom disk.
For the anti-phase mode, the deformation of the bottom stem section will be radial at the disk interface and decreasing to
zero at the substrate interface, assuming that the substrate does not deform radially. While the deformation of the inter-disk
stem section is antisymmetric about its center, the deformation of the bottom stem distributes over its full length.4.4. Top hat
For the anti-phase mode, the top hat affects the top disk similar to the way the bottom stem section affects the bottom
disk: as an additional radial stiffness. If we consider the top hat as a stem stub of constant radius extending from the top of
the top disk, a radial deformation at the top disk upper interface will cause a radial deformation distributed over the full
length of the stem stub. Since the real proﬁle of the top hat is wider at the free end, we can treat this as inﬁnitely stiff com-
pared to the end interfaced with the disk. Thus we can assume the free end as radially ﬁxed and treat the top hat similar to
the bottom stem.
With the top hat free to move up and down, the periodic vertical deformation of the top disk will generate inertial forces
from the mass of the top hat. We assume that these forces are small compared to those of the vertical contraction of the disk
and choose to ignore these in order to simplify the model. This can be argued based on the assumption of a top disk with a
center at rest and a mass that is relatively large compared to that of the top hat.
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Radial contour disk resonators have been fabricated using surface micro machining techniques [13,18], which means that
they are typically made from poly-crystalline materials. The most common material for fabricating surface micro machined
resonators, is poly-silicon. Typical grain size for poly-silicon is in the range 60–140 nm [24]. Since the typical dimensions of
the resonator elements are many times larger than the grain size, we treat the material of the structure as ideal isotropic.
4.6. Other assumptions made
In addition to the simpliﬁcations introduced above, the following assumptions are made to further simplify the modeling.
 Disk amplitudes are assumed to be equal in magnitude for both disks for both modes.
 Disk deformation is perfectly axisymmetric extensional.
 All materials are assumed to be lossless.
 Both disks are identical.
 All sections included in the model are of the same material.
 Vertical dimensions for each structural section is small compared to the wavelength.
5. Modeling methods
To model the double disk resonator its structure is divided into manageable units for which simple analytic models can be
established. These are then reassembled to a complete system model. The full model will conﬁrm whether the assumptions
made in Section 4 are valid.
In Section 4, we found that the system has two distinct modes of interest: one where both disk perimeters vibrate in
phase and one where they are in opposite phase (anti-phase). The ﬁrst subdivision is to model these two modes for a sym-
metric dumbbell consisting of two discs and an inter-disc stem section as illustrated in Fig. 3. Then for the full structure, the
lower stem section and the top hat are included. For each part, the equivalent mass and stiffness are determined, allowing
the modal frequency to be determined by combining the stiffnesses and masses active for the mode of interest.
Equivalent values of the stiffnesses and masses [1] are determined by ﬁrst ﬁnding the (KE) of each section at its own res-
onant frequency, corresponding to a deformation resembling the modal shape:KE ¼
Z
V
1
2
qvðr; zÞ2 dV ; ð1Þwhere q is the material density, v(r,z) is the point velocity inside the section at location (r,z) and the integration is over the
section volume. Using the coupling velocity at the interface with the other parts, the equivalent mass can be found as [1]meq ¼ 2KE
vðr; zÞ2
; ð2Þwhere r and z are chosen depending on the direction of the velocity of interest for the mode considered. The effective stiff-
ness of the part can be found as [1]keq ¼ x2meq; ð3Þ
where x is the modal radian frequency. Hence, the modal frequencies of the system can then be found from the summation
of all modal stiffnesses and masses for the jth mode according to [1,25]xj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃP
ikiP
imi
s
; ð4Þwhere the summations are over the active stiffnesses and masses.
6. Single-disk model
In the following sections, the dimensional notations used is as indicated in Fig. 4. The model for axisymmetric radial
extensions in a disk exist in various versions in the literature [18,26], but all are based on a classic paper by Onoe [27]. They
are all equivalent and here the formulation from [26] has used.
The operating frequency for a free disk of thickness td, radius Rd, Young’s modulus Ey, Poisson’s ratio m and density qd, can
be expressed asxd ¼ jRd
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ey
qdð1 m2Þ
s
; ð5Þ
Fig. 4. Notation used for dimensional features.
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frequency coincides with (FEA) results for an unconstrained single disk.
The radial displacement at radial coordinate r can be expressed as [26]UðrÞ ¼ AdJ1
jr
Rd
 
; ð6Þwhere Ad is the complex amplitude at the disk perimeter and J1 is the Bessel function of the ﬁrst kind and ﬁrst order. Assum-
ing a time harmonic displacement of the formur ¼ UðrÞeixdt ð7Þ
the KE can be written asKEdisk ¼ Ad
Z Rd
0
Z td
0
Z 2p
0
q
1
2
xdJ1
jr
Rd
  2
dhdzdr: ð8Þ7. Dumbbell model
Having found the KE for a single disk, the coupling velocities for each of the two modes of the symmetric two disk system
are needed to calculate the effective mass for each mode. For both modes, the coupling is at the interface with the stem. From
the discussion in Section 4, it is clear that both the radial and the vertical coupling velocities are needed in order to describe
the mechanisms affecting the modal frequencies.
7.1. Approximate functions for stem deformation
To calculate the KE of the stems, used for calculating the equivalent stiffness and mass for both modes, the velocity in the
stem at radial coordinate rmust be found. Since the radial deformation of the disk is known and a ﬁrst approximation is that
the stem end follows the disk surface, one can estimate the deformation proﬁle along the length of the stem. There are three
deformation states which require individual functions. For the anti-phase mode, the inter-disk stem is subject to oppositely
directed shear forces at each end. This is illustrated in Fig. 5(a). For the in-phase mode, the radial deformation is symmetric
about the stem center and for the bottom stem, only one end of the stem is deformed radially as illustrated in Fig. 5(b) and
(c), respectively. Assuming the approximation is on the formDrsðz; rÞ ¼ AsðrÞðaþ bzþ cz2Þ; ð9Þ
where the second part is a function normalized at the disk interface ,one.can then formulate conditions that allows ﬁnding
the coefﬁcients. For the anti-phase mode and inter-disk stem section, the deformation atDrs(0, rs) = 0, which means a = 0. The
coefﬁcient b can be found from requiring thatDrs
hs
2
; r
 
¼¼ 1; ð10Þ
+
b ¼ 4 ch
2
s
2hs
: ð11ÞThe antisymmetric radial deformation requires thatdDrsð0; rÞ
dz
P 0; ð12Þ
Fig. 5. (a) The inter-disk stem section is subject to oppositely directed shear forces at the ends. The radial deformation is therefore antisymmetric over the
center of the stem. (b) For the symmetric mode the radial deformation is symmetric over z = 0 while for the bottom stem in (c) the deformation is
distributed over the whole length of the stem.
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h2s
; ð13Þwhere g is a ﬁtting parameter which must be less than four. As illustrated in Fig. 5, a deformation with the largest displace-
ment at the disk interface which gradually decrease towards the center of the stem, requires thatdDrsðhs; rÞ
dz
>
dDrsð0; rÞ
dz
; ð14Þwhich givesg 2 ½0 . . .4i: ð15Þ
In the in-phase mode, it is likely that there will be a radial deformation at the center of the stem. For a ﬁrst order model, this
is assumed negligible, which means a = 0. The symmetric deformation requiresdDrsð0; rÞ
dz
¼ 0; ð16Þwhich gives g = 4. Contrary to for the inter-disk stem, the deformation of the bottom stem distributes over the full length of
the stem. Since it is ﬁxed at the bottom the conditions used for ﬁnding the ﬁtting parameters used for the in-phase mode can
be used for the full stem length. This givesb ¼ 1 ch
2
bs
hbs
; ð17Þ
c ¼ 1
h2bs
: ð18ÞA summary of the ﬁtting parameters for the various stem proﬁles is included in Table 1.
7.2. Anti-phase mode
For the anti-phase mode, the radial velocity vrr(r) at the disk surface can be found as the time derivative of (7). Averaged
over the cross section area of the stem, and assuming the radial velocity off the disk does not vary along the z-axis, it is:v rr ¼
R 2p
0
R rs
0 v rrðrÞdrd/
pr2s
: ð19Þ
Table 1
Table summarizing coefﬁcients for (9) and the various radial deformation states.
Coefﬁcient a b c
Inter-disk stem
Anti-symmetric mode 0 4ch2s
2hs
g
h2s
g 2 [0 . . .4i
Symmetric mode 0 4ch2s
2hs
4
h2s
Bottom stem
Anti-symmetric mode 0 1ch2bs
hbs
1
h2s
Symmetric mode 0 1ch2bs
hbs
1
h2s
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4
dtd
j3r2s

jJ20ðjÞ  2J1ðjÞJ0ðjÞ þ jJ21ðjÞ
 
1F
2
2
3
2 ;2;
5
2 ; j
2r2s
4R2d
  ; ð20Þwhere 1F2 denotes a hyper geometric function1F2
3
2
;2;
5
2
;j
2r2s
4R2d
 !
¼ 3pR
2
d
ðjrsÞ2
 J1
jrs
Rd
 
H0
jrs
Rd
 
 J0
jrs
Rd
 
H1
jrs
Rd
  
ð21Þand H0 and H1 are Struve functions of zeroth and ﬁrst order. Inserting (20) and (8) into (3), the following equivalent stiffness
for the radial motion is foundkdrr ¼ x2dmdrr: ð22Þ
The anti-phase mode corresponds to a radial deformation of the stem, with different direction at each end. Since the disks
vertical contraction is in opposite directions, the net longitudinal force of the stem is negligible. It is modeled using the radial
coupling velocity (19) and the KE of the stem when deformed as described in Section 4 where it was assumed that no lon-
gitudinal deformation of the stem takes place for the anti-phase mode. From Section 7.1 we then have:Drsðr; zÞ ¼ AsðrÞ 4 g2hs zþ
g
h2s
z2
 !
; g 2 ½0 . . .4i; ð23Þwhere g is a ﬁtting factor used for approximating the stem deformation and As(r) is the disk amplitude at radial coordinate r.AsðrÞ ¼ AdJ0
jr
Rd
 
: ð24ÞBecause of the antisymmetric deformation, only half the stem is considered. Its KE is found by integrating the time derivative
of the displacement proﬁle (23) over the volume of half the length of the stem, for the mode anti-phase mode frequency.
Assuming time dependence in the form of (7), givesKEstem ¼ ð160 20gþ g
2Þ
15360
pj2qA2dx2dhsr4s
R2d
 1F2 32 ;3;3;
j2r2s
R2d
 !
: ð25ÞWhen expanded, the hyper geometric function is1F2
3
2
;3;3;j
2r2s
R2d
 !
¼ 8R
2
d
j2r2s
 J20
jrs
Rd
 
þ J21
jrs
Rd
 
 2Rd
jrs
J0
jrs
Rd
 
J1
jrs
Rd
  
: ð26ÞInserting (25) into (2), using the coupling velocity from (19) and using g = 3, the expression for equivalent mass ismsrr ¼ 327pqhsr
2
s
2560
1F2 32 ;3;3; j
2r2s
R2d
 
1F
2
2
3
2 ;2;
5
2 ; j
2r2s
4R2d
  : ð27ÞThe choice of g = 3 is done based on a comparison between the model expression and a FEA analysis of the stem when sub-
ject to a static unit deformation. Since the motivation of the work was to keep the expressions as simple as possible, the dec-
imal value that gave the best ﬁt is rounded to the nearest integer number. Reorganizing (3), the equivalent stiffness can now
be found asksrr ¼ x2s msrr; ð28Þ
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can now be found asxdasym ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kdrr þ ksrr
mdrr þmsrr
s
: ð29Þ7.3. In-phase mode
To include the effects from both radial and longitudinal stem deformation in the model for the in-phase mode, a two-step
approach is used. First, the combined radial stiffness and equivalent mass for a disk with half the inter-disk stem is found and
the frequency governed by their relationship is calculated. This frequency is then used as a basis frequency when the effects
of the longitudinal deformation of the inter-disk stem is included. Similarly as for the radial stiffness and mass for the anti-
phase mode, the basis frequency for the in-phase mode isxdsymbasis ¼ xdasym with g ¼ 4: ð30Þ
Once more, g was chosen based on a best ﬁt approximation and rounded to the nearest integer value to maintain simplicity.
The coupling effect is assumed to be due to a thickness deformation in the disks. It is found by integrating the strain over the
thickness of the disk. The vertical strain at location r can be formulated as [26]ezzðrÞ ¼ mm 1
jAdJ0 jrRd
 
Rd
; ð31Þwhere J0 is a Bessel function of the ﬁrst kind and zeroth order. The vertical deformation at location (r,z) relative to the center
of the disk can be expressed as a linear function off zuzzðr; zÞ ¼ zezzðrÞ: ð32Þ
Substituting Ad in (31) with the time dependent displacement (7), inserting it into (32), ﬁnding the time derivative and sim-
plifying the resulting expression, the vertical velocity amplitude is expressed asvzzðr; zÞ ¼ xdsymbasisuzzðr; zÞ: ð33Þ
To ﬁnd the effective coupling velocity, the energy transfer at the stem interface must be considered. It is reﬂected by the
average vertical coupling velocity at the stem/disk interface (z = td/2), which can be found asvzz ¼
R 2p
0
R rs
0 vzzðr; td=2Þdrd/
pr2s
: ð34ÞInserting (34) and (8) into (2) and using the xdsymbasis from (30) to calculate the KE and coupling velocity for one disk, the
equivalent mass for the vertical deformation of a single disk ismdzz ¼ ðm 1Þ
2
m2
 pqR
2
dr
2
s
jtd
jJ20ðjÞ  2J1ðjÞJ0ðjÞ þ jJ21ðjÞ
 
J21
jrs
Rd
  : ð35Þ
Inserting this equivalent mass into (3) we obtain the following equivalent stiffness for vertical motion with a stem with ra-
dius rskdzz ¼ x2dsymbasismdzz: ð36Þ
Because of both mechanical and practical fabrication issues, the length of the inter-disk stem is typically less than 1 lm. For
wavelengths much longer than the stem this means that a quasi static approach can be used, meaning that static values for
masses and stiffnesses are used for the stem properties. The mass of a rod of height hs and radius rs ismszz ¼ qhspr2s : ð37Þ
This expression also appears if we use the energy based approach as used for the radial deformation of the disk and stem [1].
The axial stiffness can be found as [23]kszz ¼ Eypr
2
s
hs
: ð38ÞThe stem has a nodal point at the center, which means that half its lumped mass is assigned to the nodal point at its center
and one quarter to each end. The in-phase modal frequency for the dumbbell can now be found asxdsym ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kdzz þ 2kszz
mdzz þmszz=4
s
: ð39Þ
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Similar to the inter-disk stem section, the bottom stem is loaded and deformed differently for the two modes, but now the
stem is clamped at the base. For the in-phase mode, the bottom stem is loaded vertically. For a bottom stem of height hbs and
radius rbs, we then have, assuming a uniform load distribution over the cross section and assuming a stem length much less
than the wavelength, its mass and stiffness can be approximated bymbszz ¼ qhbspr2bs; ð40Þ
kbszz ¼ Eypr
2
bs
hbs
: ð41ÞContrary to the case of the inter-disk stem section, the bottom stem is deformed over its full length and, accordingly, the full
stiffness is used in the ﬁnal system assembly. For the anti-phase mode, the equivalent mass and stiffness of the bottom stem
is found in a similar fashion as for the inter-disk stem section, but with no radial deformation at the base of the stem. The KE
is then found through integration over a radial velocity proﬁle found from an approximated displacement proﬁle for the
modal frequency of the disk. From Section 7.1 and Eqs. (17) and (18), the approximation function isDrbsðr; zÞ ¼ AsðrÞ zhbs
 2
: ð42ÞFor the radial deformation, the KE is then found to beKEbs ¼ pj
2qA2dhbsx2dr
4
s
80R2d
1F2
3
2
;3;3;j
2r2s
R2d
 !
: ð43ÞInserting (43) and (19) into (2) and (3) gives the following expressions for equivalent mass and stiffness of the radial defor-
mation for the bottom stem:mbsrr ¼ 9pqhbsr
2
s
40
1F2 32 ;3;3; j
2r2s
R2d
 
1F
2
2
3
2 ;2;
5
2 ; j
2r2s
4R2d
  ; ð44Þ
kbsrr ¼ x2s mbsrr: ð45ÞFor the anti-phase mode, the top hat contributes with an additional radial stiffness and mass to the top disk which can be
found in a similar fashion to that of the bottom stem. Similarly for the in-phase mode, the additional stiffness from the top
hat must be included, but since the center of gravity of the top disk is assumed at rest, the vertical motion of the top hat is
assumed sufﬁciently small to make the mass of the top hat negligible.
As argued in Section 4, it is assumed that the stem section can be approximated by a stem stub of constant radius, whose
free end has no radial amplitude and that its height is the same as for the bottom stem.
7.5. Model assembly
To ﬁnd the frequency of the two modes, the stiffnesses and masses are summed over all active components as in (4). The
stiffnesses and masses relevant to the in-phase mode are those of the longitudinal modes of the inter-disk and bottom stem,
as well as the equivalent mass and stiffness of the vertical deformation for the disks. For the inter-disk stem, one quarter of
the mass and the stiffness for half the stem are assigned to each of the disks due to the symmetry. For the bottom stem, half
the mass is assigned to each end and the full stiffness is used. As inertial forces are assumed negligible, the top hat does is
assumed to not deform but follow the motion of the disk surface. If the top-hat was assumed to deform due to inertia forces,
an additional node would have to be included, and a part of the mass of the top hat assigned to this node. As a ﬁrst order
approximation, it can be assumed that the inertia from half the top-hat is insufﬁcient to deform it signiﬁcantly. Therefore
its full mass is included in the calculations. This yields the following expression for the frequency of the in-phase mode
of the systemxsym ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kbszz þ 4kszz þ 2kdzz
mbszz
2 þ 2mszz4 þ 2mdzz þmthzz
s
; ð46Þwhere mthzz =mbszz. For the antisymmetric mode, the relevant masses and stiffnesses are the radial equivalent stiffness and
masses of the disks and of all the stem sections. Due to the symmetry of the model, only half the structure needs to be in-
cluded in the model. The anti-phase modal frequency is then:xasym ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kbsrr þ ksrr þ kdrr
mbsrr þmsrr þmdrr
s
: ð47Þ
Table 2
Material parameters used for polysilicon.
Units Reference
Young’s modulus 160 [GPa] [28]
Poisson’s ratio 0.22 [–] [28]
Density 2320 [kg/m3]
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The devices explored here have not yet been fabricated and hence data for comparison must be extracted from high ﬁdel-
ity ﬁnite element analysis. Also, using FEA, a detailed understanding of the mechanisms of the device can be obtained and
shortcomings of our model can be uncovered. We have chosen COMSOL 3.5, a commercial FEA software package to analyze
our double disk device. To minimize the computational effort, an axisymmetric model was used. In this work, we have fo-
cused on the frequency separation between the two lowest order modes. This means that the analysis can be performed
using modal analysis, allowing AC signal input and the surrounding electrodes to be disregarded. We therefore simplify
our model to consist of only three parts:two disks and a stem penetrating both of them and being ﬁxed at the base. A mesh
convergence study was performed. The mesh density was increased until no noticeable change in modal frequencies was
obtained by further mesh reﬁnement. All subsequent simulations were performed with an equal or higher mesh density.
The material parameters used in the model are listed in Table 2. Since an axisymmetric model was used, only axisymmet-
ric modes are accounted for. Depending on the ratio between the disk radius and thickness, there are bending modes at fre-
quencies close to the axisymmetric extensional modes. Initial simulations showed that these modes may pass though the
frequency range of the double disk resonator when the stem radius is changed. This is not accounted for in the analytical
model. Therefore 980 parameterized simulations were run using a script to ﬁnd parameter spaces for which the analytical
models would be representative for the dominating modal deformation. The simulated disks had radius to thickness aspect
ratios (ARs) in the range 6–12, with disk radii varying in 2 lm steps from 16 lm to 28 lm. In addition, the stem radius was
varied from 0.05 lm to 2 lm in 20 steps to include a range of radii spanning from unrealistically small values to beyond
where the model diverges from the FEA. The height of the stem sections, hs, hts and hbs (see Fig. 4) were 0.8 lm for all
simulations.
9. Results
This section is divided into two parts. The ﬁrst part presents comparisons of mode frequencies obtained from the pre-
sented models and from the FEA simulations for two cases: (a) for the dumbbell only and (b) the full device including the
top hat and clamped bottom stem section (see Figs. 3 and 4). In the second part mode irregularities observed during exten-
sive FEA of the full device for certain regions of the parameter space are investigated. These irregularities, which through
numerous manual FEA runs were attributed to spurious bending modes and to mode reordering, leading to the mapping
of regions in the parameter space where such phenomena tend to interfere with the ideal contour modes of the device.
9.1. Comparison between analytical and FEA results
Steering clear of the regions of mode irregularity discussed above, Fig. 6(a) and (b) shows the dependence of the in-phase
and the anti-phase mode frequencies on the stem radius for dumbbells with disk radii of 20 lm and 24 lm, respectively. The
aspect ratio AR is 9 and length of the inter-disk stem is 0.8 lm. For both modes, we notice a good general agreement between
the trend of the analytical model and the FEA results. At the stem diameter increase, the assumptions made for the analytical
model apparently tends to break down. A similar comparison for the complete device is shown in Fig. 7(a) and (b) using the
same parameters as for the dumbbell, but with a clamped bottom stem section and a free top hat section both with a height
of 0.8 lm. Again, we observe a reasonable agreement between the model and the FEA results within the same range of stem
radii as above. We note that the addition of extra stem sections modiﬁes the results somewhat compared to those of Fig. 6.
9.2. Mode irregularity
As indicated above, FEA reveal that irregular mode patters appear in some regions of parameter space. This is illustrated
for the in-phase mode in the 3D plots of Fig. 8(a) and (b) for complete devices with disk radii of 16 lm and 24 lm, respec-
tively. Here AR varies from 6 to 12 and the stem radius varies from 0 lm to 2 lm. In Fig. 8(a) we notice an irregularity in the
otherwise smooth behavior for ARs in the range 6–9. A similar behavior is seen in Fig. 8(b) for ARs in the range 6–8. These are
obviously regions where spurious bending modes happen to be located in the same frequency range as the as contour modes
of interest. This assumption is supported by the detailed plots in Fig. 9 showing representative mode shapes found using FEA
at various positions in the parameter space near the irregularities. At the peaks in the plots for constant AR (taken from
Fig. 8(a)), a clear bending pattern of the disks can be found with FEA. The region of bending modes is shown to the left in
Fig. 6. Frequency vs. stem radius for two dumbbells with disks of radius and AR (a) 20 lm and 9 (b) 24 lm and 9. Plot markers added at even intervals to
identify the graphs. Disk radius values considered as described in Section 8.
Fig. 7. Frequency vs. stem radius for two complete double disk resonators with disks of radius and AR (a) 20 lm and 9 (b) 24 lm and 9. Plot markers added
at even intervals to identify the graphs. Disk radius values considered as described in Section 8.
Fig. 8. Frequency for in-phase modes of a two disk systems vs. the AR and stem radius. The disk radii are (a) 16 lm and (b) 24 lm. Both surfaces indicate
discontinuities, meaning spurious modes interfere and distort the extensional modes.
Fig. 9. The modal shapes from FEA for the extracted frequencies for a system with disks of radius 20 lm and AR = 6. The deformations are exaggerated to
clearly illustrate the modal shapes. The difference in amplitude seen, is not accounted for by the model. For stem radii below and above 0.75 lm, the mode
shape is mainly extensional, while for stem radii near 0.75 lm, the mode shape is severely distorted and is no longer purely extensional.
2972 C. Grinde, T.A. Fjeldly / Applied Mathematical Modelling 36 (2012) 2961–2974the 2D parameter space spanned by AR and the disk radius as shown in Fig. 10. Additionally, we notice in Fig. 8(a) and (b), a
small irregularity for AR close to 12 and stem radii close to 0.3 lm. However, a closer scrutiny with a small series of manually
run and analyzed FEAs of this case reveals that we are dealing with a reordering of modes, i.e. that the mode of highest
Fig. 10. The left region identify combinations of simulated parameter combinations where the model assumptions are invalid due to bending modes. For
the parameter combinations spanned by the right region, the model assumptions are not valid due to mode reordering. The blank region in the center are
parameter combinations in which the model assumptions are not violated by spurious bending modes or mode reordering. The tick marks identify range
boundaries for the discrete combinations simulated.
C. Grinde, T.A. Fjeldly / Applied Mathematical Modelling 36 (2012) 2961–2974 2973frequency changes from being the anti-phase mode for smaller stem radii to becoming the in-phase mode for larger stem
radii. Again, Fig. 10 shows the parameter space where this mode reordering takes place.
10. Discussion
10.1. Principal ﬁndings
For device parameter sets outside the regions of irregularity (see above), Figs. 6 and 7 show that the analytical model
reproduces quite well the trend in the mode frequency dependency on stem radius found by FEA. However, the accuracy
gradually decreases as the stem radii increase, owing to the increasing inﬂuence of the stem on the disk operation, beyond
the lowest order effects included in the model. Examples of higher order effects are the introduction of uneven disk ampli-
tudes and deformations due to inertia forces not accounted for. The implications of the latter is left for future work, while the
ﬁrst require reﬁned models for the stem-disk interaction. We also note that the ordering of the mode frequencies is as ex-
pected, with the in-phase mode frequency increasing faster than that of the anti-phase mode. The lower frequency of the
anti-phase mode is due to the absence of longitudinal deformation of the inter-disk stem section, resulting in a weaker cou-
pling between the two disk, as predicted by the modeling in Section 7. The weaker coupling means the two disks move more
freely and at frequencies closer to the frequency of a free disk, effectively meaning at lower frequencies.
Comparing the results for the dumbbell in Fig. 6 with those of the complete device (with a clamped bottom stem section
and a free top hat) in Fig. 7, we observe that the shifts in the mode frequencies with stem diameter are somewhat larger for
the latter. But the simpler dumbbell model may still serve as a fairly good indication of the properties of the complete device.
As indicated above, for certain ranges of device parameters, particularly for stem radii of about 1 lm and relatively small ARs,
bending modes are excited in the same frequency range as those of the contour modes, as clearly indicated in Figs. 9 and 10.
Likewise, for small stem radii and relatively large aspect ratios, irregularities associated with mode reordering are observed.
For the design of real devices, it is obviously necessary to use only the regions of the parameter space that are at safe distance
from these irregularities, as exempliﬁed in parameter map Fig. 10.
10.2. Higher order modes
Disk resonators using higher order contour modes have been demonstrated in [18]. For polysilicon systems with the pres-
ent dimensions, the useful higher order modes correspond to frequencies of less than 1 GHz. For this frequency range, the
use of a quasi-static analysis is still valid, and only the frequency scalar will need to be changed to encompass higher order
modes.
10.3. Further work
The model presented above does not capture all the effects that contribute to the separation of the two modes. One effect
not investigated here, is that of the inertial forces. The inclusion of inertial forces will require solving the equations of motion
for the system. From the expressions derived above, one can extract expressions suitable for equivalent circuit models and
hence include the inertial forces of the stem sections and overall motion of the center of gravity for the disks. Based upon the
outcome of these simulations, work on further reﬁnement of the expressions can be started.
2974 C. Grinde, T.A. Fjeldly / Applied Mathematical Modelling 36 (2012) 2961–297411. Summary and conclusion
We have developed an analytic model for the frequency separation of vertically stacked double disk resonators. Compared
to FEA results, the model reproduces reasonably well the trend in the variation of the modal frequencies with stem radius.
Regions for model validity have also been established through such comparisons. The model identiﬁes the main coupling
mechanism between the disks acting through the deformation of the central stem section. Although changes in frequency
due to variation in the stem radius are small compared to the operating frequency, and the model is incapable of predicting
the exact frequency vs. stem radii, the model provides valuable insight into the coupling mechanisms and is useful for mak-
ing an initial evaluation of the performance of stacked disk resonators for various applications where the frequency separa-
tion of the modes are of interest. The insight gained, lays the foundation for further model reﬁnement, either through
equivalent circuit modeling or extended analytical work.
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